We present nearly local definitions of correlation energy density, and its potential and kinetic components, and evaluate them for several two-electron systems. This information should provide valuable guidance in constructing better correlation functionals than those in common use. In addition, we demonstrate that the quantum chemistry and the density-functional definitions of the correlation energy rapidly approach one another as the atomic number increases. ͓S1050-2947͑97͒06607-9͔ PACS number͑s͒: 31.25.Ϫv, 31.25.Eb
I. INTRODUCTION
The total energy of an N-electron system in an external potential v ext is where ⌿(r 1 ,...,r N ) is the many-body wave function, T is the kinetic energy, E en is the potential energy of the electrons interacting with the external ͑usually nuclear͒ potential, and E ee is the electron-electron potential energy. Here, and throughout the paper, we use Hartree atomic units (បϭe ϭmϭ1). On the other hand, in Kohn-Sham densityfunctional theory ͑DFT͒ ͓1,2͔, the ground-state energy of an interacting system of electrons in an external potential is written as a functional of the ground-state electronic density ͓1͔ Here i (r) is Kohn-Sham orbital i, (r) is the electronic density, T s is the kinetic energy of a system of noninteracting electrons that has the same density as the interacting system of interest, E en is the potential energy of the electrons interacting with the external potential, and E H is the classical Hartree approximation to the potential energy of the electrons interacting with each other. Note that although T s is expressed in terms of the orbitals i (r), it can be viewed as a functional of the density since the orbitals are themselves functionals of the density. The exchange-correlation energy E xc is by definition the part of the total energy not contained in the first three terms.
Various approximate expressions for E xc have been employed in the literature. The exchange-correlation energy E xc is the sum of the exchange energy E x and the correlation energy E c . The exact E x is defined in terms of the singleparticle orbitals
where the ␦ function is over the spin quantum numbers of the ith and jth spin orbitals. Hence, although in most density-functional calculations both exchange and correlation energies are approximated, it is in fact necessary to approximate only the correlation energy E c , which, usually, is just a small fraction of E xc . From Eqs. ͑1͒ and ͑2͒, we obtain
where V c ϭE ee ϪE H ϪE x and T c ϭTϪT s . ͑5͒ E c contains a negative contribution coming from the fact that the interaction energy of the electrons is smaller than that given by E H ϩE x and a smaller positive contribution from the difference of the true many-body kinetic energy T and the single-particle kinetic energy T s . Usually local or semilocal approximations are made for
͑6͒
where e c is the correlation energy density and ⑀ c is the local correlation energy per electron. In the local-density approxi-mation ͑LDA͒, e c is a function of the local density at r, e c ϭe c "(r)…, while in the generalized gradient approximations ͑GGAs͒ it depends also on the ٌ(r), and possibly also on higher derivatives of (r), e c ϭe c "(r),ٌ(r),ٌ 2 (r),...…. In order to invent better approximate functionals, it is useful to know what the true e c is. It is apparent that there is not a unique definition of e c since we are always free to add any function that integrates to zero. However, since the approximate functionals are written as integrals of functions that depend on the local density and its derivatives, it is reasonable to seek a definition that is as nearly local as possible. In this spirit, a natural definition for the exchangeenergy density, which is consistent with the expression for E x in Eq. ͑3͒, is
This definition results in a local exchange energy per electron, ⑀ x ϭe x /, that at large distances goes as Ϫ1/2r ͓3͔, a fact that was used by Becke in constructing his successful exchange GGA ͓4͔.
In order to provide guidance for the construction of better approximate correlation functionals, we present a natural and nearly local definition of the correlation energy density for all systems and evaluate it for several two-electron systems. To do this, we write each of the energies in Eqs. ͑5͒ as a 3-d integral over an integrand which we define to be the corresponding energy density. 
which has the interesting feature that it yields a constant local energy per electron ⑀ϭE/N over all space. This follows from
This has the advantage that one could test approximate correlation energy functionals by checking to see if they yield a constant local total energy per electron ⑀. However, note that t(r 1 ) in Eq. ͑15͒, assigns to the position of the first electron contributions from the Laplacian acting not only on the first electron but also on all the other electrons. Similarly, e ee (r 1 ) contains contributions from all pairs of electrons. Hence, in contrast to our earlier definitions, the definitions in Eqs. ͑15͒ and ͑16͒ have the disadvantage that t and e ee are very nonlocal, and so any approximate correlation energy functional, that mimics this definition of e c , would also have to be very nonlocal. Hence, this is not a suitable definition of the correlation energy density for our purpose. In Eqs. ͑8͒ and ͑10͒ we have written the kinetic energy in terms of the Laplacian. Of course one could instead write the kinetic energy in terms of the square of the gradient. It is interesting to note that the kinetic contribution to the correlation energy density t c does not depend on which expression is used, provided that it is used consistently for both the many-particle kinetic energy and for the single-particle Kohn-Sham kinetic energy. This follows simply from equating the many-particle and the Kohn-Sham expressions for the single-particle density and taking the Laplacian.
II. TWO-ELECTRON SYSTEMS
We have studied the two-electron helium iso-electronic series and a model system ͑referred to in the literature as harmonium or Hooke's law atom͒ in which the nuclear ϪZ/r potential is replaced by an harmonic potential (r) 2 /2. This model was first introduced by Kestner and Sinanoḡlu ͓5͔ and has since then been studied by various authors ͓6-10͔.
In order to calculate accurate density-functional quantities for these systems it is necessary to have accurate wave functions. For the ions we use exceedingly accurate 477-term wave functions of the form used by Freund, Huxtable, and Morgan ͓11͔. For harmonium, Kestner and Sinanoḡlu ͓5͔ wrote down a series solution, with a three-term recursion, which is rapidly convergent at small interparticle distances and slowly convergent at large interparticle distances. They also give an asymptotic series that is accurate at large interparticle distances. Kais et al. ͓8͔ showed that the former series terminates for a particular value of the spring constant 2 ϭ1/4, thereby obtaining an exact closed-form wave function. Taut ͓9͔ showed that it is possible to find such wave functions for an infinite discrete set of spring constants, the largest of which is 2 ϭ1/4. Ivanov and Burke ͓23͔ solved this system numerically for arbitrary values of by expanding the interelectronic wave function in powers of the interelectronic distances. To obtain solutions for arbitrary , we employ the two series solutions of ͓5͔, using 300 terms in the convergent series. The relative normalization constant of the two series is obtained by matching them in the overlap region where they are both accurate. The number of terms kept in the asymptotic series is such that the last term is the smallest in magnitude term at the matching radius. For special values of both series reduce to the exact solutions of Taut.
III. RESULTS

A. Energies
In Tables I and II we give the total energy and its components for ions and harmonium, respectively. Some of these data have been presented earlier ͓10,12͔. The results in Table  II , including the values at ϭϱ, were previously calculated ͓23͔ by a different method, yielding the same results within a few microhartree. Of particular interest are the correlation energies E c and their potential and kinetic components V c , T c . Each of these quantities tends to a constant in the highdensity ͑large Z,͒ limit. Interestingly, the limiting values for the ions and harmonium differ by only 6%. From Figs. 1 and 2 we observe that, at small 1/Z, E c , V c , and T c are very nearly linear and the same is true at small 1/ͱ but to a lesser degree. The behavior is monotonic. In earlier work by other authors ͓7͔ it was found that E c has a minimum at a finite but we attribute this to a lack of accuracy in their calculations at large . In Tables I and II , we also show the quantum chemistry definition of the correlation energy E c QC which is defined to be
where ⌿ is the true many-body wave function, ⌿ HF is the Hartree-Fock wave function, and H is the Hamiltonian. According to Levy's constrained-search formulation of densityfunctional theory ͓13͔, the density-functional definition of the correlation energy is
where ⌽ is the Kohn-Sham wave function, i.e., the wave function that yields the same density as the true wave function and minimizes the expectation value of the kineticenergy operator. Hence, as first pointed out by Sahni and Levy ͓14͔, it follows from the variational principle that E c ՇE c QC . We observe from Table I that this is in fact the case and, further, that the two definitions rapidly approach each other, the leading term in the difference going as 1/Z 3 . This convergence of E c and E c QC , at large Z, has strong implications for the terms in the 1/Z perturbation expansion discussed later. The Zϭϱ value of E c and E c QC agrees to all digits with that in Ref.
It is known ͓16͔ that the quantum chemistry definition of the correlation energy E c QC of two-electron ions in their 1 S ground states goes to a constant with increasing Z. The proof is based on perturbation theory. Similarly, the linearly convergent behavior of E c , V c , and T c can be explained as follows. As observed by Hylleraas ͓17͔, the scaling transformation r→r/Z applied to the Schrödinger equation
ͪ ⌿͑r 1 ,r 2 ͒ϭE⌿͑ r 1 ,r 2 ͒ ͑21͒ yields the scaled Schrödinger equation
where
The eigenvector ⌿ and eigenvalue Ẽ of the scaled Hamiltonian can be expressed as a power series in the perturbation parameter 1/Z 
͑26͒
and it follows from Eqs. ͑19͒, ͑20͒, ͑25͒, ͑26͒, and ͑23͒ that
Therefore, at large Z, both E c QC and E c go to a constant, linearly in 1/Z, as shown in Fig. 1 . If the noninteracting ground state is degenerate, E 1 differs from E 1 HF and E 1 KS , and E c ϳZ as Z→ϱ ͓16͔. As observed by Perdew, McMullen, and Zunger ͓18͔, it is a difficult challenge to find a universal density-functional approximation that correctly describes both of the Z→ϱ limiting behaviors. The argument given above that E c is finite in the Z→ϱ limit applies to any system for which the noninteracting ground state is nondegenerate. In particular, it applies to harmonium with the expansion parameter 1/Z replaced by 1/ͱ. In the remainder of this paper, we use an expansion parameter ␣ϭ1/Z for ions and ␣ϭ1/ͱ for harmonium. The argument that the correlation energy E c converges to a constant in the Z, ͱ→ϱ limit can be easily extended to its potential and kinetic components T c , V c but we have not shown that E c ϭϪT c ϭV c /2 in this limit. However, Levy and Perdew ͓19͔ have shown that
where (r) is a uniformly scaled density that integrates to the same number of electrons as (r), i.e., (r) ϭ 3 (r). Combining this with the fact, shown by Levy ͓20͔ , that E c ͓ ͔ goes to a constant linearly in Ϫ1 at large , we have ͕(‫ץ‬E c ͓ ‫0→͖ץ/)͔‬ as →ϱ. It follows that E c ϭϪT c ϭV c /2 in that limit. Although they do not provide a rigorous proof, Levy and Perdew ͓19͔ argue that E c ϭϪT c ϭV c /2 in the Z→ϱ limit. We note in passing that the difference between the →ϱ and the Z→ϱ limits can be important, e.g., the correlation energy of a uniformly scaled Be atom, in its ground state, tends to a constant in the →ϱ limit but the correlation energy of four-electron ions tends to negative infinity in the Z→ϱ limit because in the latter case the 2s and 2p orbital energies are degenerate, whereas in the former case they are not.
B. Local energies per electron
In Figs. 3 and 4 we show the local correlation energy per electron ⑀ c and its kinetic and potential components c and c . As the expansion parameter ␣ ͑1/Z for two-electron ion V c differ by only 6% in the high Z, limit, the limiting curves c * , c * , and ⑀ c * for two-electron ions are quite different from those for harmonium. For harmonium both c and c are quadratic at rϭ0 whereas for the ions c is quadratic and c is linear. Similarly it has been observed before ͓10,12,21͔ that the correlation potentials ͑i.e., the functional derivatives, ͓␦E c /␦͔͒ for all the two-electron ions are closely related and tend to a limiting curve and the same is true for the correlation potentials for harmonium, but the two sets of systems have qualitatively different potentials. In fact for the ions the correlation potential is negative at short and long distances, and positive at intermediate distances, while the opposite is true for harmonium.
In Figs. 5 and 6 we compare ⑀ c with the LDA approximation to it, ⑀ c LDA . The LDA curves have less structure than the true curves and for increasing Z, rapidly become much too negative everywhere except in the far tails of the density. We have used the Perdew-Wang ͓22͔ parametrization of the LDA correlation energy since it is probably the most accurate one, but any of the other commonly used parametrizations would give very similar curves. The LDA curves do not tend to a limiting curve in the large Z, limits, reflecting the fact that E c LDA diverges to Ϫϱ as Z,→ϱ. We have also compared ⑀ c to ⑀ c GGA for all the commonly used GGAs and in no case do we find a good agreement, despite the fact that the integrated energies E c GGA are in considerably better agreement with E c than are LDA energies ͓12͔. However, we wish to emphasize that the failure of the ⑀ c GGA to agree with ⑀ c does not necessarily imply a deficiency in the GGA functionals since, as mentioned before, ⑀ c is not uniquely defined. For this reason we do not present the GGA curves. On the other hand, the failure of the GGA correlation potentials to reproduce the true correlation potentials ͓10,12,21͔ does imply a deficiency in the GGAs.
For harmonium, at very small spring constants, the electron-electron repulsion dominates the interaction of the electrons with the external potential and the maximum of the charge density occurs not at the minimum of the external potential but at a finite distance from it ͓10,21͔. As shown in Fig. 7 , even in this extreme situation where we expect the linear scaling rule of Eq. ͑29͒ to break down, the curves for ⑀ c , c , and c still have the same shape as for the other harmonium systems, although the magnitudes are quite different.
It is somewhat surprising that although the ions have a maximum in the charge density at the nucleus, c does not have its maximum there. Also, for harmonium, the minimum of c does not occur at rϭ0 both for spring constants for which the density has a peak at the nucleus and those for which the density has a peak at rϾ0. Yet another surprise is that, for ions, the range of values of ⑀ c and c is smaller at high Z than at low Z. Again, the same behavior for the correlation potential has been observed earlier ͓12͔ and is equally surprising.
IV. DISCUSSION
Our purpose in defining and evaluating a correlation energy density and its potential-energy and kinetic-energy components, was to provide guidance for the construction of improved approximate correlation functionals. To this purpose, we are continuing this work by using quantum Monte Carlo methods to evaluate these quantities for atoms, ions and model systems with a larger number of electrons. The goal is to have a sufficient body of data to be able to identify correlations of ⑀ c LDA Ϫ⑀ c with ٌ and ٌ 2 . We have, in fact, observed that a strong correlation of this nature exists for the exchange-energy density. However, in many respects correlation appears to be subtler than exchange and we suspect that it will be a good deal more difficult to make such a connection in the case of the correlation energy density.
